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Form factor of a sphere 
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Example: liquid, pair correlation function 
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.HRS M DR R DQ 'W
O QSH D Q CHTR MNS NVDC

2
0

2 2
0 0

( ) ( )
( ) 1g

ρ ρ ρ= → =
ρ ρ
0 r

r

-NQQD SHNM E CDR ENQ NMF CHRS M DR

QDEDQQDC MD QDRS%
MDHFGANTQ CHRS M D

.HEEH T S T SHNM
OOQNWH SHNMR N OTSDQ
RH T SHNM



23 23 

Example: liquid, structure factor 
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Form factor and structure factor 
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Summary elastic scattering 

●  The scattering law is the absolute square of the Fourier transform of 
the density. 

●  The scattering law is the Fourier transform of the density correlation 
function. 

●  The scattering vector Q is the vectorial difference of the incident and 
the scattered wave vector R SSDQHMF SQH MF D  

●  Fourier transform � Q roughly corresponds to a length 2π/Q . 

●  Repetitive structure: product of form- and structure factor. 

4 sinQ π= θ
λ
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Scattering from dynamic systems 
(inelastic scattering) 

„Neutrons tell us where the atoms are and how they move.“ 
 

[C. G. Shull ?] 
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Elastic and inelastic scattering 

Elastic scattering 
●  scatterers are (assumed) fixed 

in space 
●  no energy transfer 

!  Information about 
◆  :SQT STQD

Inelastic scattering 
●  scatterers are moving or moved 

by neutron 
●  energy transfer 

!  Information about 
◆  Structure 
◆  Dynamics

G S HR SGD CHEEDQDM D ADSVDDM D RSH MC HMD RSH R SSDQHMF
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Inelastic scattering 

Energy loss 
●  Energy is transferred from the 

neutron to the system: 

●  !ω = E' � E < 0 
●  λ' > λ 
●  k' < k 

Energy gain 
●  Energy is transferred from the 

system to the neutron: 

●  !ω = E' � E > 0 
●  λ' < λ 
●  k' > k 
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The scattering triangle (inelastic scattering) 

GD R SSDQHMF SQH MF D HR MNS
HRNR D DR Q HR MNS CDSDQ HMDC
AX SGD ONRHSHNM NE RNTQ D MC
CDSD SNQ NM X Q HR ETM SHNM
NE θ and !ω

   
Q = k 2 + ′k 2 − 2k ′k cos2θ = 8π2

λ2 + 2mω
!

− 4π
λ

4π2

λ2 + 2mω
!

cos2θ

2θ 

k' = 2π / λ' 

k = 2π / λ 

Q 

:NTQ D
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Double differential cross section 

  
dσ
dΩ

= b
2

N S(Q)

  
dσ

dΩdω
= b

2
N S(Q,ω)

dE' 

Inelastic scattering: 

●  Experiment resolves final energy 
of the neutron E�. 

●  Scattering depends on energy 
transfer                    . 

●  � Scattering cross section becomes ‚double differential‘: 

●  Structure Factor S(Q) � Scattering Function S(Q,ω) 

  !ω = ′E − E
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Inelastic neutron scattering law recipe 

… you gotta believe (or hear another one hour lecture) 
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Coherent and incoherent scattering (neutrons) 
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Intermediate scattering functions 
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Van-Hove correlation functions 
MD OHD D HRRHMF 3R SGDQD RN DSGHMF H D g(r) ENQ HMD RSH R SSDQHMF
?DR RH H Q SN SGD RS SH RD NMD M CDEHMD SGD M%2N D NQQD SHNM
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Fourier transform relations 

Scattering functions 

Van Hove correlation functions 

coh inc( , ) ( , )S Sω ωQ Q

temporal inverse 
Fourier transform 

spatial inverse 
Fourier transform 

temporal Fourier 
transform 

Intermediate scattering functions 

spatial Fourier 
transform 

coh inc( , ) ( , )I t I tQ Q

s( , ) ( , )G t G tr r

WODQH DMS D D

H QNR NOH D D
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Detailed balance factor 
Asymmetry: 

Asymmetry of S(Q,ω) � I(Q,t) and G(r,t) are complex! 

Energy loss is more probable than energy gain. 
    S(Q,−ω) = exp(!ω / kBT )S(Q,ω)

Detailed balance condition: 
0

S(Q,ω) 

reality 
approximation without 
detailed-balance 
(Vineyard) 

kBT = 25 meV at room T 

   !ω = E '− E

   t ≫ " / kBT ≈ 0.03 ps    
Can be neglected for not too fast processes: 
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Example: Diffusion 

Example for Gaussian dynamics: 
Diffusion,                    2 6r Dt=

2
inc ( , ) exp( )I t tQ DQ= −

  
Gs (r,t) = 1

(4πDt)3 2 exp − r 2

4Dt
⎛
⎝⎜

⎞
⎠⎟

Fourier transform of a 
Gaussian is a Gaussian 
with reciprocal width. 
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Diffusion 2 

2
inc ( , ) exp( )I Q t DQ t= −

2

inc 2 2 2

1( , )
( )
DQS Q
DQ

ω =
π ω +

Fourier transform of a 
an exponential decay is 
a Lorentzian. 

Iinc(Q,t) 

t Q 

Sinc(Q,ω) 

ω 
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Summary inelastic scattering 

●  The scattering cross section depends on the scattering vector Q and 
the energy transfer �ω. 

●  The scattering vector Q is (as in elastic scattering) the vectorial 
difference of the incident and the scattered wave vector R SSDQHMF
SQH MF D ATS CDODMCR MNV NM ω too. 

●  Q roughly corresponds to a length 2π/Q . 
●  ω roughly corresponds to a time 2π/ω . 
●  The exact relation between spatial correlation and scattering is a 

Fourier transform. 
●  The exact relation between temporal correlation and scattering is a 

Fourier transform. 
●  Inelastic scattering contains two components: 

◆  coherent: from average scattering lengths, measures pair correlations 
◆  incoherent: from variance of scattering length, measures self correlation 


